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• Existence of dark matter has been well 
established from astronomical observations.

• Dark matter is non-hadronic and electrically 
neutral making it difficult to measure its 
properties.

• Many possibilities for dark matter.  WIMPs are 
well motivated.

• If sufficiently light, WIMPs could be produced at 
colliders.

Dark Matter
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In many extensions of the SM, neutral massive stable particles (dark matter candidates) are
produced at colliders in pairs due to an exact symmetry called a “parity”. These particles escape
detection, rendering their mass measurement difficult. In the pair production of such particles via a
specific (“antler”) decay topology, kinematic cusp structures are present in the invariant mass and
angular distributions of the observable particles. Together with the end-points, such cusps can be
used to measure the missing particle mass and the intermediate particle mass in the decay chain.
Our simulation of a benchmark scenario in a Z′ supersymmetric model shows that the cusp feature
survives under the consideration of detector simulation and the standard model backgrounds. This
technique for determining missing particle masses should be invaluable in the search for new physics
at the LHC and future lepton colliders.

PACS numbers: 11.80.Cr, 12.60.-i, 14.80.-j

I. INTRODUCTION

Pauli’s postulation of a new particle that escapes from
detection and carries away energy and angular momen-
tum in β decay not only laid out the foundation for the
weak interaction, but also rightfully introduced the first
dark matter particle, the neutrino. Ever since then, at-
tempts to determine the masses and other properties of
the neutrinos have led to many research efforts in nuclear
physics, particle physics, astroparticle physics and cos-
mology. If the upcoming experiments at the CERN LHC
find evidence of large missing energy events beyond the
Standard Model (SM) expectations, this exciting discov-
ery may hold the key to explain the missing mass puzzle
in the Universe, the dark matter. It is thus of fundamen-
tal importance to determine the mass and properties of
this missing particle in LHC experiments, to uncover its
underlying dynamics and to check its consistency with
dark matter expectations.

This task is challenging, however, even with the es-
tablishment of missing energy events at the LHC. In
hadronic collisions, the undetermined longitudinal mo-
tion of the parton-level scattering leads to the ambiguity
of their c.m. frame and thus the partonic c.m. energy.
Furthermore, with a conserved discrete quantum num-
ber (generically called a “parity”) that keeps the lightest
particle in the new sector stable, the missing particles
always come in pairs. The final state kinematics is even
less constrained.

Great efforts have been made to reconstruct the mass
of the missing particle. It is well known that in cascade
decays, the masses of the invisible particles can be ex-
tracted from the maximum end-points of kinematic vari-
ables such as invariant mass distributions of leptons and
jets [1]. Another interesting approach is to determine
these parameters from transverse mass variables that uti-
lize missing transverse energy, such as MT2 for processes
with a pair of missing particles [2]. The end-point of the
MT2 distribution is known to display a kink when the
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FIG. 1: The “antler” decay diagram, a heavy particle (D) to
two visible SM particles (a) and two missing particles (X),
via two on-shell intermediate particles (B).

trial mass for the missing particle is identical to the true
mass [3]. For long cascade decay chains, it is possible to
determine the unknown masses through the event recon-
struction from the mass shell conditions by combining
the information from multiple events [4].

In this paper, we propose an additional method for
the missing particle mass measurements, based on what
we call “kinematic cusps”, non-smooth substructures in
kinematic distributions. Kinematic cusps arise in many
new physics processes. We focus here on a particular
class of processes that we dub as “antler” decays: the
two missing parity-odd particles (X) come along with
two visible SM particles (a), from the decay of a heavy
parity-even particle (D) through intermediate parity-odd
particles (B), as shown in Fig. 1. The advantage of con-
sidering the kinematic cusps and end-points is that once
the parent mass (mD) is known, the masses of the missing
particle (mX) and the intermediate particle (mB) can be
determined by measuring the energy-momenta of the vis-
ible particles without combinatoric complications. Even
though the kinematic cusps can be found in other pro-
cesses, we focus on this case due to its simplicity. Other
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examples will be presented elsewhere [5].1

The antler topology is common in many scenarios with
dark matter particle candidates. Familiar examples can
be found in the following theoretically well-motivated
models:

MSSM [7], H → χ̃0
2 + χ̃0

2 → Zχ̃0
1 + Zχ̃0

1;

Z ′ SUSY [8], Z ′ → "̃− + "̃+ → "−χ̃0
1 + "+χ̃0

1; (1)

UED [9], Z(2) → L(1) + L(1) → "−γ(1) + "+γ(1);

LHT [10], H → t− + t− → tAH + tAH .

The precondition is that the mass of particle D is known
a priori. This can be achieved since its even-parity al-
lows its decay into two observable SM particles. In this
regard, the antler topology is equally applicable to a lep-
ton collider where the c.m. energy is accurately known.
Among these examples above, the decay of Z ′ in a super-
symmetric theory was studied [8] to measure the missing
particle mass based on the MT2 variable, but the simple
and distinctive cusps proposed here were not explored.
For purposes of illustration, we explore two kinematic

distributions: (i) Maa, the invariant mass of a1 and a2,
and (ii) cosΘ, cosine of the angle between one of the
two visible particles and the pair c.m. moving direction
in their c.m. frame, as shown in Figs. 2 and 3 for var-
ious sets of parameter choice. The distributions have,
in addition to the end points, unique non-smooth struc-
tures, the cusps (their positions are denoted by vertical
lines). While Maa and cosΘ are not the only observables
displaying the cusp structure, these variables are advan-
tageous since they do not involve the missing transverse
energy.
The appearance of the cusp can be understood intu-

itively as follows. We start with the flat distribution
d2Γ/d cos θ1d cos θ2, where θ1 and θ2 are the scattering
angles of two visible particles relative to the parent’s
boost direction in their parent rest frame, and Γ is the
partial decay width of the particleD. Any observable can
be expressed as a function of (θ1, θ2), e.g., Maa(θ1, θ2).
Due to the “antler” decay symmetry, (cos θ1, cos θ2) and
(cos θ2, cos θ1) are kinematically equivalent. With this
identification, the result of projecting onto Maa is a
folded space with three distinctive points or apexes: The
lowest apex (±1,∓1) and the highest apex (1, 1) corre-
spond to the endpoints Mmin

aa and Mmax
aa ; while the third

apex (−1,−1) denotes the position of the cusp, which oc-
curs more frequently than the other two configurations.
Cusps in the antler decay have a number of desirable

features in determining the missing particle mass: (i)
together with end-points, cusps can determine both the
masses of the intermediate particle B and the missing
particle X ; (ii) looking for a cusp is statistically advan-
tageous since it has large (in most cases, maximum) event

1 General mass measurement techniques using such kinematic sin-
gularities have been recently developed [6].
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FIG. 2: Normalized differential decay rates versus the invari-
ant mass Maa for various combinations of masses as given in
Table I. The vertical lines indicate the positions of the cusps
in each Maa distribution.
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FIG. 3: Normalized differential decay rates versus cosΘ in
the D-rest frame (thin curves) and in the pp lab frame with√
s = 14 TeV (thick curves). The parameters of Mass I and

Mass III are given in Table I.

rate; (iii) there is no combinatoric complication due to
its simple decay topology; (iv) spin correlations of the
decay processes do not change the position of the cusps.
In the absence of backgrounds, cusps should be experi-
mentally easy to identify due to their pointed features.
In what follows, we will show that the cusp position pro-
vides important information about the particle masses
in the decay process, which is complementary in many
ways to the previously studied mass measurement meth-
ods. We will also show that this information is largely
retained after the SM backgrounds as well as the detector
simulation are included.

II. CUSP AND EDGE IN Maa DISTRIBUTION

We first only show the phase space distributions for on-
shell particles. It is convenient to use the rapidities: the
rapidity η of particle B and the rapidity ζ of particle a
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produced at colliders in pairs due to an exact symmetry called a “parity”. These particles escape
detection, rendering their mass measurement difficult. In the pair production of such particles via a
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Pauli’s postulation of a new particle that escapes from
detection and carries away energy and angular momen-
tum in β decay not only laid out the foundation for the
weak interaction, but also rightfully introduced the first
dark matter particle, the neutrino. Ever since then, at-
tempts to determine the masses and other properties of
the neutrinos have led to many research efforts in nuclear
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mology. If the upcoming experiments at the CERN LHC
find evidence of large missing energy events beyond the
Standard Model (SM) expectations, this exciting discov-
ery may hold the key to explain the missing mass puzzle
in the Universe, the dark matter. It is thus of fundamen-
tal importance to determine the mass and properties of
this missing particle in LHC experiments, to uncover its
underlying dynamics and to check its consistency with
dark matter expectations.

This task is challenging, however, even with the es-
tablishment of missing energy events at the LHC. In
hadronic collisions, the undetermined longitudinal mo-
tion of the parton-level scattering leads to the ambiguity
of their c.m. frame and thus the partonic c.m. energy.
Furthermore, with a conserved discrete quantum num-
ber (generically called a “parity”) that keeps the lightest
particle in the new sector stable, the missing particles
always come in pairs. The final state kinematics is even
less constrained.

Great efforts have been made to reconstruct the mass
of the missing particle. It is well known that in cascade
decays, the masses of the invisible particles can be ex-
tracted from the maximum end-points of kinematic vari-
ables such as invariant mass distributions of leptons and
jets [1]. Another interesting approach is to determine
these parameters from transverse mass variables that uti-
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MT2 distribution is known to display a kink when the
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FIG. 1: The “antler” decay diagram, a heavy particle (D) to
two visible SM particles (a) and two missing particles (X),
via two on-shell intermediate particles (B).

trial mass for the missing particle is identical to the true
mass [3]. For long cascade decay chains, it is possible to
determine the unknown masses through the event recon-
struction from the mass shell conditions by combining
the information from multiple events [4].

In this paper, we propose an additional method for
the missing particle mass measurements, based on what
we call “kinematic cusps”, non-smooth substructures in
kinematic distributions. Kinematic cusps arise in many
new physics processes. We focus here on a particular
class of processes that we dub as “antler” decays: the
two missing parity-odd particles (X) come along with
two visible SM particles (a), from the decay of a heavy
parity-even particle (D) through intermediate parity-odd
particles (B), as shown in Fig. 1. The advantage of con-
sidering the kinematic cusps and end-points is that once
the parent mass (mD) is known, the masses of the missing
particle (mX) and the intermediate particle (mB) can be
determined by measuring the energy-momenta of the vis-
ible particles without combinatoric complications. Even
though the kinematic cusps can be found in other pro-
cesses, we focus on this case due to its simplicity. Other
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examples will be presented elsewhere [5].1
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1 General mass measurement techniques using such kinematic sin-
gularities have been recently developed [6].
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mentally easy to identify due to their pointed features.
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ods. We will also show that this information is largely
retained after the SM backgrounds as well as the detector
simulation are included.
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Kinematic Cusps: Determining the Missing Particle Mass at Colliders
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In many extensions of the SM, neutral massive stable particles (dark matter candidates) are
produced at colliders in pairs due to an exact symmetry called a “parity”. These particles escape
detection, rendering their mass measurement difficult. In the pair production of such particles via a
specific (“antler”) decay topology, kinematic cusp structures are present in the invariant mass and
angular distributions of the observable particles. Together with the end-points, such cusps can be
used to measure the missing particle mass and the intermediate particle mass in the decay chain.
Our simulation of a benchmark scenario in a Z′ supersymmetric model shows that the cusp feature
survives under the consideration of detector simulation and the standard model backgrounds. This
technique for determining missing particle masses should be invaluable in the search for new physics
at the LHC and future lepton colliders.

PACS numbers: 11.80.Cr, 12.60.-i, 14.80.-j

I. INTRODUCTION

Pauli’s postulation of a new particle that escapes from
detection and carries away energy and angular momen-
tum in β decay not only laid out the foundation for the
weak interaction, but also rightfully introduced the first
dark matter particle, the neutrino. Ever since then, at-
tempts to determine the masses and other properties of
the neutrinos have led to many research efforts in nuclear
physics, particle physics, astroparticle physics and cos-
mology. If the upcoming experiments at the CERN LHC
find evidence of large missing energy events beyond the
Standard Model (SM) expectations, this exciting discov-
ery may hold the key to explain the missing mass puzzle
in the Universe, the dark matter. It is thus of fundamen-
tal importance to determine the mass and properties of
this missing particle in LHC experiments, to uncover its
underlying dynamics and to check its consistency with
dark matter expectations.

This task is challenging, however, even with the es-
tablishment of missing energy events at the LHC. In
hadronic collisions, the undetermined longitudinal mo-
tion of the parton-level scattering leads to the ambiguity
of their c.m. frame and thus the partonic c.m. energy.
Furthermore, with a conserved discrete quantum num-
ber (generically called a “parity”) that keeps the lightest
particle in the new sector stable, the missing particles
always come in pairs. The final state kinematics is even
less constrained.

Great efforts have been made to reconstruct the mass
of the missing particle. It is well known that in cascade
decays, the masses of the invisible particles can be ex-
tracted from the maximum end-points of kinematic vari-
ables such as invariant mass distributions of leptons and
jets [1]. Another interesting approach is to determine
these parameters from transverse mass variables that uti-
lize missing transverse energy, such as MT2 for processes
with a pair of missing particles [2]. The end-point of the
MT2 distribution is known to display a kink when the

D(P )

B(p1) B(p2)

a(k1) a(k2)
X(q1) X(q2)

FIG. 1: The “antler” decay diagram, a heavy particle (D) to
two visible SM particles (a) and two missing particles (X),
via two on-shell intermediate particles (B).

trial mass for the missing particle is identical to the true
mass [3]. For long cascade decay chains, it is possible to
determine the unknown masses through the event recon-
struction from the mass shell conditions by combining
the information from multiple events [4].

In this paper, we propose an additional method for
the missing particle mass measurements, based on what
we call “kinematic cusps”, non-smooth substructures in
kinematic distributions. Kinematic cusps arise in many
new physics processes. We focus here on a particular
class of processes that we dub as “antler” decays: the
two missing parity-odd particles (X) come along with
two visible SM particles (a), from the decay of a heavy
parity-even particle (D) through intermediate parity-odd
particles (B), as shown in Fig. 1. The advantage of con-
sidering the kinematic cusps and end-points is that once
the parent mass (mD) is known, the masses of the missing
particle (mX) and the intermediate particle (mB) can be
determined by measuring the energy-momenta of the vis-
ible particles without combinatoric complications. Even
though the kinematic cusps can be found in other pro-
cesses, we focus on this case due to its simplicity. Other

• D→B→a may not be possible.

• Ex: h may be too light for 

• Cusps or endpoints could be difficult to 
measure.

• Ex. Maa~MZ

• Ex. Maa~0GeV

• cos θ smeared by boost of collision 
frame.

h ! 2l̃ ! 2�̃0
1 + 2a
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FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce

Following slides preliminary: To be published soon:
Christensen, Han, Song, Stefanus
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on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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4

The cusps and endpoints in these three regions are given in Table I. The minimum endpoint is the same for R1 and
R2 but different for R3 while the cusp has one value for R1 but another for R2 and R3. The maximum endpoint only
depends on the masses and collision energy and is the same for all three regions. Although the maximum of the mDD

distribution has a unique dependence on the mass parameters, the absence of a priori knowledge of the masses gives
us ambiguity among R1, R2, and R3: we do not know whether the measured mmin

DD is 2mD or 2mD cosh(ηB − ηD).
However, fortunately, the cusps and endpoints in the other kinematical distributions do not have this ambiguity and
are sufficient to determine which region we are in.
Although we do not directly measure the momenta of the neutralinos, their invariant mass can be inferred from the

CM energy and the momenta of the visible particles:

m2
rec ≡ m2

χ̃0
1χ̃

0
1
= s− 2

√
s (Ea1 + Ea2) +m2

aa (9)

where mrec is the recoil energy.
The initial state radiation (ISR) and beamstrahlung of the electron and positron beams will add a small smearing

to s. This will affect our measurement of mrec but we will show that the effect is not significant.
The angular distribution have also been shown to accommodate a pronounced cusp for the massless case a = l.

The cosine of the angle (Θ) between l1 or l2 and the combined momentum of the two leptons (kl1 + kl2) in the rest
frame of the two leptons has a pronounced peak where the cusp and the maximum endpoint meet at:

|cosΘ|max = tanh ηl̃ =

√

1−
4m2

l̃

s
. (10)

In fact, in Ref. [13], it was shown that the distribution function is remarkably simple, given by

dΓ

d cosΘ
∝
{

sin−3 Θ, if | cosΘ| < tanh ηl̃,

0, otherwise .
(11)

This variable gives one way to distinguish between the regions for mχ̃0
1χ̃

0
1
distribution. As can be seen from Eq. (10),

the rapidity of the slepton, ηl̃, is measured by | cosΘ|max. With the known ηl̃, the comparison of the expressions in
Table I with three measurements of mmin

χ̃0
1χ̃

0
1
, mcusp

χ̃0
1χ̃

0
1
, and mmax

χ̃0
1χ̃

0
1
determines to which region the signal belongs.

The end point of cosΘ distribution for the massless case does not depend on mχ̃0
1
because the momentum of a

(k(a1a2)a(1,2) ) only depends on mχ̃0
1
through E(B)

l . However, since a is massless its momentum is proportional to E(B)l
and hence the normalized momentum does not depend on mχ̃0

1
.

It is the same case with the total momentum k12 = ka1 + ka1 as well but we need to boost it to the lab frame.

Thus, cosΘ = k(a1a2)a(1,2) · k(CM)
12 /|k(a1a2)a(1,2) ||k(CM)

12 | depends on mB only.
Unfortunately, for the massive case cosΘ does not have a maximum or minimum, it runs through from -1 to +1.

Rendering this kinematic distribution not as useful as in the massless case.
The energy distribution of a in the lab frame has two end points, Emin

a and Emax
a . For B = l̃, which is a scalar

particle, its decays are isotropic which produces a flat energy spectrum while for B = χ̃±
1 , spin correlation causes the

energy distribution to be steeply tilted. However, in both cases the energy distribution has sharp edges Emin
a and

Emax
a . In terms of

√
s, mB , ma and mχ̃0

1
, they are

Emin,max
a =

√
s

4

(
1−

(m2
χ̃0
1
−m2

a)

m2
B

)(
1±

√
1− 4m2

B

s

√
1− 4m2

am
2
B

(m2
B +m2

a −m2
χ̃0
1
)2

)
. (12)

If mB %
√
s/2, the min (for the massless case) can be very low:

Emin
a (mB %

√
s/2) ∼ m2

B

2
√
s

(
1−

m2
χ̃0
1

m2
B

)
(13)

which can be below the threshold for detection. In this case, this parameter alone will not be sufficient to determine
both mB and mχ̃0

1
.

For illustrative purposes, in this paper we will choose three different MSSM parameter points, two for the massless
a = l case and another for the massive a = W case. The masses of the particles in those parameter points are given
in Table II. Our couplings are also given by these benchmark points. However, our techniques and conclusions only
depend on the general structure of the mass spectrum and not on the specific point. (*** Add note here ***)



Antlers at 
Lepton Colliders
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B+

√

s

a+ (l+ or W+)

χ̃0
1

χ̃0
1

a− (l− or W−)

B−

(l̃− or χ̃−

1 )

(l̃+ or χ̃+
1 )

FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 5: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV. (a) The mµµ

distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The
cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The
solid (red) line denotes our signal of the resonant production of a smuon pair. The solid (green) line is the full
MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 5: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV. (a) The mµµ

distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The
cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The
solid (red) line denotes our signal of the resonant production of a smuon pair. The solid (green) line is the full
MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 5: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV. (a) The mµµ

distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The
cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The
solid (red) line denotes our signal of the resonant production of a smuon pair. The solid (green) line is the full
MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 6: Various distribution for the process e+e− → l+l− + missing energy at
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MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).
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1 (p2)→W+(k1)χ̃

0
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0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 6: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with mrec ≥ 350GeV.

(a) The mµµ distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e.
(e) The cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution.
The solid (red) line denotes our signal of the resonant production of a smuon pair. The solid (green) line is the full

MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 6: Various distribution for the process e+e− → l+l− + missing energy at
√
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(a) The mµµ distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e.
(e) The cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution.
The solid (red) line denotes our signal of the resonant production of a smuon pair. The solid (green) line is the full

MSSM signal. The dashed (blue) line is the total event including our signal, the SM and MSSM backgrounds.
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I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:
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When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
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s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).
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1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:
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FIG. 9: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with mrec ≥ 350GeV

and ml̃L
∼ ml̃R

. (a) The mµµ distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec

distribution for e. (e) The cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h)
The Ee distribution. The solid (red) line denotes our signal of the resonant production of a smuon pair. The solid
(green) line is the full MSSM signal. The dashed (blue) line is the total event including our signal, the SM and

MSSM backgrounds.
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B+

√

s

a+ (l+ or W+)
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1

χ̃0
1

a− (l− or W−)

B−

(l̃− or χ̃−

1 )

(l̃+ or χ̃+
1 )

FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 11: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with

mrec ≥ 350GeV and Pe− = −80% and Pe+ = +60% and ml̃L
∼ ml̃R

. (a) The mµµ distribution. (b) The mee

distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The cosΘ distribution for µ. (f)
The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The solid (red) line denotes our

signal of the resonant production of a smuon pair. The solid (green) line is the full MSSM signal. The dashed (blue)
line is the total event including our signal, the SM and MSSM backgrounds.

16

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  20  40  60  80  100  120  140

dσ
/d

M
µ
µ
 (f

b/
G

eV
)

Mµµ (GeV)

e+ e- → µ+ µ- χ~1
0 χ~1

0, √s = 500 GeV

(a)

 0
 0.5

 1
 1.5

 2
 2.5

 3
 3.5

 4
 4.5

 0  20  40  60  80  100  120  140

dσ
/d

M
ee

 (f
b/

G
eV

)

Mee (GeV)

e+ e- → e+ e- χ~1
0 χ~1

0, √s = 500 GeV

(b)

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6
 1.8

 360  380  400  420  440  460  480  500

dσ
/d

M
re

c (
fb

/G
eV

)

Mrec (GeV)

e+ e- → µ+ µ- χ~1
0 χ~1

0, √s = 500 GeV

(c)

 0

 1

 2

 3

 4

 5

 6

 360  380  400  420  440  460  480  500

dσ
/d

M
re

c (
fb

/G
eV

)

Mrec (GeV)

e+ e- → e+ e- χ~1
0 χ~1

0, √s = 500 GeV

(d)

 0

 10

 20

 30

 40

 50

 60

 70

-1 -0.5  0  0.5  1

dσ
/d

C
os

(θ
) (

fb
)

Cos(θ)

e+ e- → µ+ µ- χ~1
0 χ~1

0, √s = 500 GeV

(e)

 0

 50

 100

 150

 200

 250

-1 -0.5  0  0.5  1

dσ
/d

C
os

(θ
) (

fb
)

Cos(θ)

e+ e- → e+ e- χ~1
0 χ~1

0, √s = 500 GeV

(f)

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6
 1.8

 0  20  40  60  80  100  120

dσ
/d

E µ
 (f

b/
G

eV
)

Eµ (GeV)

e+ e- → µ+ µ- χ~1
0 χ~1

0, √s = 500 GeV

(g)

 0

 1

 2

 3

 4

 5

 6

 7

 0  20  40  60  80  100  120

dσ
/d

E e
 (f

b/
G

eV
)

Ee (GeV)

e+ e- → e+ e- χ~1
0 χ~1

0, √s = 500 GeV

(h)
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∼ ml̃R

. (a) The mµµ distribution. (b) The mee

distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The cosΘ distribution for µ. (f)
The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The solid (red) line denotes our

signal of the resonant production of a smuon pair. The solid (green) line is the full MSSM signal. The dashed (blue)
line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 11: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with

mrec ≥ 350GeV and Pe− = −80% and Pe+ = +60% and ml̃L
∼ ml̃R

. (a) The mµµ distribution. (b) The mee

distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The cosΘ distribution for µ. (f)
The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The solid (red) line denotes our

signal of the resonant production of a smuon pair. The solid (green) line is the full MSSM signal. The dashed (blue)
line is the total event including our signal, the SM and MSSM backgrounds.
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FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 9: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with mrec ≥ 350GeV

and ml̃L
∼ ml̃R

. (a) The mµµ distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec

distribution for e. (e) The cosΘ distribution for µ. (f) The cosΘ distribution for e. (g) The Eµ distribution. (h)
The Ee distribution. The solid (red) line denotes our signal of the resonant production of a smuon pair. The solid
(green) line is the full MSSM signal. The dashed (blue) line is the total event including our signal, the SM and

MSSM backgrounds.
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. (a) The mµµ distribution. (b) The mee distribution. (c) The mrec distribution for µ. (d) The mrec
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FIG. 1: The “antler” diagram at a lepton collider for the MSSM: a known center-of-mass energy produces two
on-shell particles B± (l̃± or χ̃±) which then decay to a± (l± or W±) and two LSP neutralinos (χ̃0

1).

I. INTRODUCTION

A future e+e− collider has many virtues, which will be complementary to the LHC in many respects. It has a much
cleaner experimental environment which is appropriate for high-precision physics. The initial state is well-defined
with a fixed center of mass (CM) energy

√
s, unlike the undetermined collision energy of the colliding partons at the

LHC. Furthermore, all the measurements are in the e+e− CM frame, which is the lab frame, unlike the unknown
boost of the collision at the LHC.
This leads to several advantages for measuring the cusps and endpoints of the kinematical distributions of “Antler”

diagrams [13]. The cosΘ and Ea variables are unambiguous at the ILC. The invariant mass distribution of the
invisible particles mχ̃0

1χ̃
0
1
can be measured using the recoil energy, which is crucial to the mass measurement and the

SM background suppression, as we will see. The energy of the lepton has well-defined cutoffs. The beam polarization
of the e+e− collider can be used to suppress the SM background and enhance the sensitivity of the mass measurement.
To illustrate these strengths, in this paper, we will only consider two cases in the MSSM framework, which we refer

to as the massless and massive cases. For the massless case, two sleptons (l̃ which can be smuons (µ̃) or selectrons
(ẽ)) are pair produced, which then decay to leptons (l which can be either muons (µ) or electrons (e)) and the lightest
supersymmetric particle (LSP) which we take to be the lightest neutralino (χ̃0

1). We consider the process:

e+e−(
√
s)→ l̃+(p1) + l̃−(p2)→ l+(k1)χ̃

0
1(q1) + l−(k2)χ̃

0
1(q2). (1)

This case is called massless because the leptons are practically massless at this energy scale.
For the massive case, two charginos (χ̃±

1 ) are pair produced, which then decay to W bosons (which will decay to
jets) and again the lightest neutralinos (χ̃0

1).

e+e−(
√
s)→ χ̃+

1 (p1) + χ−
1 (p2)→W+(k1)χ̃

0
1(q1) +W−(k2)χ̃

0
1(q2). (2)

This case is called massive because the W bosons are massive at this energy scale.
Since we know the CM energy, these processes satisfy the requirements for an Antler diagram[13] as seen in Fig. 1.

The kinematical distributions of Antler diagrams have kinematical cusps and endpoints that depend on the masses
of the particles and the CM energy. Therefore, if we can measure those cusps and endpoints and we know the CM
energy, we can determine the masses of the unkown particles. In the present case, the cusps and endpoints can be
used to determine the masses of the sleptons (mµ̃ and mẽ), charginos (mχ̃±

1
) and the neutralinos (mχ̃0

1
).

The massless and massive cases share a lot of common attributes. Thus for notational simplicity, we introduce the
variable B to represent the intermediate particles, i.e. χ̃±

1 and l̃, and a to represent the leptons l and W bosons. The
only difference between the massless and massive case is in the former, a is massless (ma = 0) while in the latter a is
massive (ma #= 0).
It is useful to introduce the rapidity of B in the lab frame and the rapidity of χ̃0

1 and a in the B rest frame which
is given by:

cosh η(CM)
B =

√
s

2mB
, cosh η(B)

χ̃0
1

=
m2

B +m2
χ̃0
1
−m2

a

2mχ̃0
1
mB

, cosh η(B)
a =

m2
B +m2

a −m2
χ̃0
1

2mamB
. (3)

When a is massless cosh η(B)
a does not make sense because of ma in the denominator. Thus, in this case we introduce
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FIG. 10: Various distribution for the process e+e− → l+l− + missing energy at
√
s = 500GeV with

mrec ≥ 350GeV and Pe− = −80% and Pe+ = +60% and ml̃L
∼ ml̃R

. (a) The mµµ distribution. (b) The mee

distribution. (c) The mrec distribution for µ. (d) The mrec distribution for e. (e) The cosΘ distribution for µ. (f)
The cosΘ distribution for e. (g) The Eµ distribution. (h) The Ee distribution. The solid (red) line denotes our

signal of the resonant production of a smuon pair. The solid (green) line is the full MSSM signal. The dashed (blue)
line is the total event including our signal, the SM and MSSM backgrounds.
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Lepton Collider Mass 
Determination

• Lepton colliders provide a known collision frame.

• mrec can be used to remove most of the SM background.

• cos θ endpoints not significantly smeared.

• Cusps and end points of kinematical variables of Antler 
diagrams give good mass measurement.

• Improve on Ea endpoints, especially if Eamin is too small to 
be measured.

• Polarization can distinguish between    and     even if close 
to each other (in addition to further suppresing the SM 
background).

l̃L l̃R



Lepton Collider Spin 
Determination

• What we would really like is to measure the Wigner d-functions 
directly.

• Dark matter particles missing: not enough information.

• If we know the masses of the particles in the Antler diagram:

• 8 unkowns : 8 equations : However, some quadratic : 2-fold 
ambiguity.

• We have discovered a new way to fully reconstruct the absolute 
value of the angular distribution and partially reconstruct the 
sign.

• To be published soon: Christensen, Salmon.
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